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The quantum mechanical decay of two or more overlapped resonances in a common continuum
is largely influenced by Fano interference, leading to important phenomena such as the existence of
bound states in the continuum, fractional decay and quiescent dynamics for single particle decay,
and signature of particle statistics in the many-body quantum decay. An overlooked yet essential
requirement to observe Fano interference is time reversal symmetry of the bath. Here we consider
multilevel quantum decay in a bath sustaining unidirectional (chiral) propagating states, such as
in quantum Hall or in Floquet topological insulators, and show that the chiral nature of scattering
states fully suppresses Fano interference among overlapping resonances. As a result, there are not
bound states in the continuum, quantum decay is complete, and there is not any signature of particle
statistics in the decay process. Nonetheless, some interesting features are disclosed in the multilevel
decay dynamics in a topological bath, such as the appearance of high-order exceptional points, long
quiescent dynamics followed by a fast decay, and the possibility to observe damped non-Hermitian
Bloch oscillations.
I. INTRODUCTION
The decay of metastable states into a continuum is
ubiquitous in many areas of physics. Examples include
the quantum mechanical decay of particles, nuclei, atoms,
and molecules [1–3], spontaneous emission of a photon
from excited states of atoms [4], tunneling escape from
a potential trap [5], photon leakage in integrated opti-
cal structures [6, 7], dark energy decay in cosmological
models [8], etc. The decay of a single discrete state
is well described, in the weak coupling and markovian
approximation [4], by an exponential decay law, lead-
ing to symmetric (Breit-Wigner) resonance states which
are ubiquitous in most of the quantum mechanical decay
processes. However, deviations from exponential decay
occur at both short and long time scales as a result of
memory effects [2], which can be exploited to either ac-
celerate or decelerate the quantum mechanical decay via
frequent observations [9]. When two or more discrete
states decay into a common continuum, interesting phe-
nomena can be observed as a result of Fano interference
among overlapping resonances [10, 11]. These include
limited decay and the existence of bound states in the
continuum (also referred to as dark states [3]) for per-
fect destructive interference of different decay channels
[3, 4, 12–15], qualitative changes in long-time decay be-
havior [16], damped oscillations [17], resilient periods fol-
lowed by decay bursts [18], exponential-power law decay
near an exceptional point (EP) [19, 20], particle statis-
tics dependence in many-body quantum decay [21, 22],
and interference in entanglement decay [23]. A proto-
typal model of quantum decay is provided by the Fano-
Anderson (or Friedrichs-Lee) model, which describes the
coupling of one or more discrete states to a common one-
dimensional continuum [3, 12, 15, 22, 24, 25].
Previous studies have mostly considered quantum decay
into a continuum with time reversal symmetry. In effec-
tive one-dimensional models, this means that scattering
states into which the discrete state decays propagate bidi-
rectionally in the bath. However, in topological matter,
such as in quantum Hall systems and topological insu-
lators, scattering states can show unidirectional (chiral)
propagation as a result of time reversal symmetry break-
ing. Chiral edge states in topological insulators have
received a huge interest in past recent years in several
areas of physics, ranging from condensed-matter physics
to photonics and beyond (see, for instance, [26–28] and
references therein). So far, quantum decay in a topo-
logical continuum and the role of chiral edge states onto
Fano interference and decay dynamics remain largely un-
explored.
In this work we study theoretically quantum decay of dis-
crete states into a common topological continuum, which
is effectively modeled by a one-dimensional tight-binding
lattice with broken time reversal symmetry sustaining
unidirectional propagating scattering states. Such a con-
tinuum can describe, for example, a two-dimensional
quantum Hall insulator or a Floquet topological insu-
lator when the energy of the discrete states fall in a
topological gap of the two-dimensional crystal and the
decay arises because of the coupling with the chiral edge
states in the topological gap. Owing to the chiral nature
of the scattering states, it is shown that Fano interfer-
ence among overlapping resonances is fully suppressed
and bound states in the continuum can not be found, re-
gardless the number and spectral coupling shape of the
discrete states. Nonetheless, some interesting features
arising from the decay in the topological continuum are
found within the markovian approximation. These in-
clude the appearance of high-order exceptional points,
i.e. non-Hermitian degeneracies [29] in the effective non-
Hermitian description of the decay dynamics, long quies-
cent dynamics followed by an abrupt decay, the possibil-
ity to observe damped non-Hermitian Bloch oscillations
when a gradient field is applied to the discrete states, and
the independence of quantum decay on particle statistics
in the many-body decay dynamics.
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2II. QUANTUM DECAY OF INTERFERING
RESONANCES: FANO-ANDERSON MODEL
AND NON-HERMITIAN DYNAMICS
Quantum mechanical decay of interfering resonances
can be studied rather generally by means of the Fano-
Anderson (or Friedrichs-Lee) model [3, 12, 15, 24, 25],
which describes the decay of N discrete states of frequen-
cies ω1, ω2, ..., ωN coupled to a common one-dimensional
continuum of states [Fig.1(a)]. As shown in many previ-
ous works, in the weak-coupling and markovian approxi-
mations the decay dynamics of the interfering resonances
in a broad continuum can be described by an effective
non-Hermitian Hamiltonian. Here we briefly review for
the sake of completeness the main model and results of
the analysis.
The second-quantization Hamiltonian of the N -level
Friedrichs-Lee model (with ~ = 1) reads
Hˆ =
N∑
α=1
ωαcˆ
†
αcˆα +
∫
dk ω(k)cˆ†(k)cˆ(k)
+
N∑
α=1
∫
dk
[
gα(k)cˆ
†
αcˆ(k) + g
∗
α(k)cˆ
†(k)cˆα
]
(1)
≡ Hˆbs + Hˆbath + Hˆint
where: cˆα, cˆ
†
α are the annihilation and creation opera-
tors of particles for the bound states at energies ωα (α =
1, 2, ..., N); cˆ(k), cˆ†(k) are the annihilation and creation
operators of particles in the effective one-dimensional
continuum of states at the energy ω(k), described by a
continuum index k (for example the Bloch wave number
if the bath is a tight-binding continuum); and gα(k) is
the spectral coupling function between the α-th discrete
level and the continuum. The operators cˆα, cˆ
†
α, cˆ(k),
cˆ†(k) satisfy the usual commutation/anti-commutation
relations of bosonic/fermionic particles. Note that the
Hamiltonian Hˆ commutes with the particle number op-
erator Gˆ =
∑
α cˆ
†
αcˆα +
∫
dkcˆ†(k)cˆ(k), which is thus a
constant of motion. In the single-particle case G = 1,
particle statistics is not of relevance and the state vector
of the system can be expanded as
|ψ(t)〉 =
N∑
α=1
cα(t)cˆ
†
α|0〉+
∫
dkc(k, t)cˆ†(k)|0〉 (2)
where cα(t) and c(k, t) are the probability amplitudes
to find the particle at the α-th discrete level or in the
continuum, respectively. The evolution of the amplitude
probabilities is governed by the coupled equations
i
dcα(t)
dt
= ωαcα +
∫
dkgα(k)c(k, t) (3)
i
∂c(k, t)
∂t
= ω(k)c(k, t) +
N∑
α=1
g∗α(k)cα(t). (4)
Assuming that at initial time the continuum is in the
vacuum state, the degrees of freedom of the continuum
can be formally eliminated from Eqs.(3) and (4), yielding
a set of integro-differential equations for the occupation
amplitudes cα. In the Weisskopf-Wigner (markovian) ap-
proximation, i.e. by considering the weak-coupling limit
gα → 0 and assuming a broad and non-structured con-
tinuum into which the frequencies ωα are embedded, the
decay dynamics of interfering resonances is described by
the following effective non-Hermitian Schro¨dinger equa-
tion in the subspace of discrete states (see, for instance,
[3, 18, 20, 30])
i
dcα
dt
'
N∑
β=1
Hα,βcβ(t). (5)
The elements of the N ×N non-Hermitian matrix H are
given by
Hα,β = ωαδα,β − i∆α,β (6)
where
∆α,β =
∫ ∞
0
dτ
∫
dkgα(k)g
∗
β(k) exp{i[ωβ − ω(k)]τ}.(7)
The eigenvalues and corresponding eigenvectors of H
fully capture the decay dynamics and Fano interfer-
ence among overlapped resonances (when ωα are closely
spaced). In particular, the interference among the var-
ious decay channels can accelerate or decelerate the de-
cay dynamics, and for perfect destructive interference the
real part of one or more eigenvalues of H can vanish, sig-
naling the existence of bound states in the continuum
(dark states) and fractional (limited) decay.
III. QUANTUM DECAY AND FANO
INTERFERENCE IN A TOPOLOGICAL
CONTINUUM
In the most common cases, the Hamiltonian Hˆbath de-
scribing the continuum of states satisfies time-reversal
symmetry and sustains bidirectional propagating (scat-
tering) states. For example, if the bath is a tight-binding
one-dimensional crystal, i.e. a quantum wire [Fig.1(b)],
k is the Bloch wave number (−pi ≤ k < pi) and the dis-
persion relation ω(k) of the tight-binding lattice band
satisfies the condition
ω(−k) = ω(k) (8)
because of time-reversal symmetry [Fig.1(c)]. This im-
plies (dω/dk)(−k) = −(dω/dk)(k), i.e. the contin-
uum sustains bidirectional propagating states at each
frequency in the allowed band. The simplest situation,
which has bee studied in details in Ref.[30], is that of a
continuum consisting of a tight-binding one-dimensional
lattice with nearest-neighbor hopping amplitude κ, cor-
responding to the dispersion relation
ω(k) = 2κ cos(k) (9)
3and N discrete levels side-coupled to the lattice at sites
n1, n2, .., nN with coupling constants κ1, κ2,..., κN [see
Fig.1(b) and (c)]. Here κ is the hopping amplitude be-
tween nearest-neighbor sites in the quantum wire. Owing
to time reversal symmetry and the bidirectional nature
of transport in the lattice, two discrete levels with nearly-
degenerate resonance frequency are indirectly coupled via
the bidirectional scattered states in the continuum, re-
sulting in a Fano-type interference.
In this work we consider the case where the continuum
corresponds to unidirectional propagating states solely,
i.e. for which the group velocity (dω/dk) has a defined
sign (either positive or negative) within the entire Bril-
louin zone. This case is typically found whenever the
bath is a topological continuum, such as a quantum Hall
or a Floquet topological insulator with some edges (see
Sec.IV below), and the frequencies ωα of the discrete
states are embedded in a topological gap of the insu-
lator: the discrete levels are coupled to the chiral edge
states of the topological insulator (and not to the bulk
states), which thus acts as an effectively one-dimensional
bath (a quantum wire) sustaining unidirectional prop-
agating states solely. The decay of the discrete states
coupled to the chiral edge states of the topological insu-
lator can be effectively modeled by considering in Eq.(1)
a one-dimensional tight-binding metacrystal with long-
range hopping and broken time-reversal symmetry [31],
which realizes unidirectional transport in the quantum
wire. For the sake of definiteness, we consider a rather
simple model, schematically shown in Fig.1(b), where N
discrete sites are attached to a one-dimensional metacrys-
tal with long-range hopping. In the Wannier basis repre-
sentation, the Hamiltonian of the system reads
Hˆ =
N∑
α=1
ωαcˆ
†
αcˆα +
∑
l,n
(θn−lAˆ†nAˆl +H.c.)
+
N∑
α=1
(καcˆ
†
αAˆnα +H.c.) (10)
where Aˆ†n is the particle (bosonic/fermionic) creation op-
erator at the n − th Wannier site of the tight-binding
lattice, θn−l is the hopping rate between sites n and l in
the lattice, and κα is the hopping rate of the α-th discrete
site |α〉 attached to the nα site of the lattice [Fig.1(b)].
The dispersion curve of the tight-binding lattice band is
given by
ω(k) =
∞∑
n=−∞
θn exp(−ink), (11)
which is assumed to satisfy the constraint (dω/dk) > 0
to ensure unidirectional propagation of scattering states
[Fig.1(d)]. The Fano-Anderson Hamiltonian (1) is readily
obtained by writing Eq.(10) in the Bloch basis (rather
than in the Wannier basis). By letting
cˆ(k) =
1√
2pi
∞∑
−∞
Aˆn exp(−ikn) (12)
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FIG. 1. (Color online) (a) Schematic of the multilevel Fano-
Anderson model. (b) A tight-binding lattice (a quantum
wire) with side-coupled N discrete sites realizes quantum me-
chanical decay of N interfering resonances in a tight-binding
continuum. The frequencies of the discrete states are fully
embedded in the broad tight-binding lattice band. (c,d)
Dispersion relation ω(k) of the continuum (Bloch) states in
(c) a one-dimensional lattice with time-reversal symmetry
[ω(k) = 2κ cos k in the nearest-neighbor approximation], and
(d) in a topological continuum with chiral edge states. In (c)
destructive Fano interference and bound states in the contin-
uum can arise because of bidirectional propagation in the con-
tinuum, whereas in (d) coupling is unidirectional and bound
states in the continuum are prevented [see panel (e)].
where −pi ≤ k < pi is the Bloch wave number, the Hamil-
tonian (10) is readily transformed into Eq.(1) with ω(k)
given by Eq.(11) and with the following spectral coupling
functions gα(k)
gα(k) =
κα√
2pi
exp(iknα). (13)
The elements of the non-Hermitian matrix (6) can be
computed using Eqs.(7) and (13). The calculation, which
is detailed in the Appendix A, yields
Hα,β '
 ωβ − iκ
2
β/(2vβ) α = β
−i(κακβ/vβ) exp[ikβ(nα − nβ ] nα > nβ
0 nα < nβ
(14)
where kβ and vβ are defined by [see Fig.1(d)]
ω(kβ) = ωβ , vβ = (dω/dk)kβ > 0. (15)
It is worth comparing the expression of the effective
non-Hermitian matrix H given by Eq.(14) with the one
corresponding to a tight-binding bidirectional continuum
with the usual dispersion relations ω(k) = 2κ cos(k)
[Eq.(9)] satisfying time-reversal symmetry. The elements
of the non-Hermitian matrix H for the bidirectional
4quantum wire have been calculated in Ref.[30], and are
given in Appendix B for the sake of completeness.
Note that, for the unidirectional continuum with broken
time reversal symmetry, H is a lower triangular matrix,
i.e. the elements Hα,β in the upper diagonals β > α van-
ish [see Eq.(14)], indicating that the eigenvalues of H are
the elements on the main diagonal. Such a striking re-
sult follows from the unidirectional (chiral) transport in
the bath, yielding unidirectional coupling between any of
two discrete states |α〉 and |β〉: contrary to a bath sus-
taining bidirectional transport, in case of a chiral bath
excitation that decays from a site |α〉 into the contin-
uum is detected by any other site |β〉 in the chain if and
only if nβ > nα [see Fig.1(e)]. Such a behavior has a
strong impact into the decay dynamics as compared to
a usual bidirectional continuum, with some remarkable
results that are discussed below.
(i) Absence of bound states in the continuum and com-
plete decay. The unidirectional nature of coupling among
the discrete levels inhibits destructive interference among
different decay channels (i.e. Fano interference), result-
ing in the complete decay of any initial excitation into the
continuum and the absence of bound states in the con-
tinuum. In fact, a bound state in the continuum would
correspond to an eigenvalue of H with vanishing imagi-
nary part. While this is possible for a bidirectional con-
tinuum under certain conditions, corresponding to com-
plete destructive quantum interference of decay channels
(see e.g. [30] and Appendix B), in the unidirectional con-
tinuum from Eq.(14) it follows that the imaginary part
of any eigenvalue Hα,α of H is strictly negative, result-
ing in a complete decay. Note also that, owing to the
unidirectional nature of the coupling, the decay of level
|1〉 is always described (within the markovian approxi-
mation) by an exponential law and it is not influenced
by the presence of the other discrete levels.
(ii) High-order exceptional points. A particular regime
is attained whenever ωα and κα are independent of in-
dex α, i.e. all discrete states have the same resonance
frequency and are coupled with the same strength to the
continuum. In this case there is a non-Hermitian coales-
cence of all eigenvalues and corresponding eigenvectors
of the non-Hermitian matrix H, i.e. an exceptional point
of order N [29] arises in the multilevel decay dynamics.
This is a rather interesting result, since in most com-
mon multilevel decay into a non-topological continuum
high-order exceptional points are rarely found and un-
der very special conditions. The presence of high-order
exceptional points results in a high non-normal behavior
of the decay dynamics and a characteristic exponential
power-law decay, discussed in Ref.[20].
(iii) Quiescent dynamics followed by an abrupt decay in
the topological continuum. The absence of bound states
in the continuum makes the quantum decay into the
topological bath complete. However, an interesting fea-
ture is that, for a large number N of discrete states,
the system can be prepared at initial time in a coher-
ent superposition of the discrete states such that the dy-
namics is quiescent for a certain time interval τ , where
decay is negligible, after which an abrupt decay into
the continuum is observed. The quiescence time τ in-
creases almost linearly with the number N of discrete
levels. To illustrate such a behavior, let us introduce the
non-decaying (survival) probability at time t, defined as
P (t) =
∑N
α=1 |cα(t)|2, with P (0) = 1. For a given ini-
tial condition c(0) ≡ (c1(0), c2(0), ..., cN (0))T , the up-
per bound for P (t) is given by P (t) ≤ σmax(t), where
σmax(t) is the largest eigenvalue of the matrix A†(t)A(t)
and where we have set A(t) ≡ exp(−iHt) [20]. For a
fixed time t > 0, the largest value σmax(t) is assumed
for the initial excitation c(0) of the system which is the
eigenvector of A†(t)A(t) with eigenvalue σmax(t). Qui-
escent dynamics followed by a fast decay occurs when
σmax(t) versus t remains very close to one for some inter-
val 0 < t < τ , after which the decay starts with an abrupt
drop of the survival probability. The resilience time τ can
be thus defined as the largest time t = τ such that the
upper bound σmax(t) of the survival probability remains
larger than a reference value Pb in the entire time interval
(0, τ), i.e. σmax(t) > Pb for 0 < t < τ and σmax(t) < Pb
for t > τ . Clearly, the choice of the reference value Pb
is not unique and can be empirically set looking at the
actual profile of the decay law, which can be more or
less steep. This means that there is some uncertainty in
the definition of τ . Figure 2(a) shows a typical behavior
of the upper bound σmax(t) of the survival probability
P (t) versus t corresponding to multilevel quantum de-
cay of N = 20 discrete levels in a topological continuum
(solid curve) and in an ordinary tight-binding continuum
(dashed curve). Clearly, for the case of a topological con-
tinuum a quiescent dynamics of the survival probability
for a time interval τ is observed, followed by a rapid de-
cay into the bath. The numerically-computed behavior
of the quiescence time τ versus N for three values of
the reference level Pb is shown in Fig.2(b). The figure
clearly shows that the resilience interval increases almost
linearly with the number of discrete levels, a result that
does not sensitively depend on the precise value of the
reference level Pb. To observe resilience dynamics in the
decay process, the system should be prepared at initial
time t = 0 is a coherent superposition of amplitudes cα(0)
given by the eigenvector of A†A for some fixed value of
t ≤ τ . An example of quiescent dynamics followed by
an abrupt decay into the bath, for a number N = 20 of
discrete levels, is shown in Fig.2(c). Here the system is
initially prepared in a coherent state, shown in the inset
of Fig.2(c), corresponding to the eigenstate of the matrix
A†(τ)A(τ) with τ ' 28 (the resilience time for N = 20).
Note that such a state corresponds to the excitation of
a few discrete sites around the site α = 3, near the left
edge of the impurity chain. To physically explain the
absence of the decay into the continuum until the time
t ∼ τ , is is worth looking at the temporal evolution of
the amplitudes |cα(t)| in the various discrete sites, which
is depicted in Fig.2(d). The figure clearly shows that the
excitation remains trapped in the chain of discrete sites
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FIG. 2. (Color online) Quiescent dynamics in multilevel quan-
tum decay. (a) Behavior of the upper bound σmax(t) of
the survival probability P (t) versus time t in the system of
Fig.1(b) comprising N = 20 degenerate discrete sites side-
coupled to a tight-binding continuum with ωα = 0, nα = α
and κα independent of α. The solid curve refers to a topolog-
ical continuum with dispersion curve as in Fig.1(d), whereas
the dashed curve corresponds to a tight-binding continuum
with dispersion relation as in Fig.1(c). Time is normalized
to κ2α/(2vα) in the former case, whereas it is normalized to
κ2α/(2κ) in the latter case. Clearly, the survival probability in
the quantum decay in the topological continuum shows a qui-
escent dynamics for a time interval τ , after which an abrupt
decay is observed. The resilience time τ , defined as the time
τ such that σmax(τ) = Pb, turns out to be an almost linearly
increasing function of the number N of the discrete levels, as
shown in panel (b) for three different values of the reference
level Pb (squares: Pb = 0.996; circles: Pb = 0.97; triangles:
Pb = 0.5). (c) Example of the survival probability for N = 20
levels decaying in the topological continuum for the coherent
initial preparation of the system in the state shown in the in-
set (amplitudes cα at initial time t = 0). The time evolution
of the amplitudes |cα(t)| at various discrete sites is depicted
in panel (d). Note that the excitation remains trapped in
the impurity sites and shifts in time until the right edge site
α = 20 is reached, after which an abrupt decay into the quan-
tum wire occurs.
and shifts in time at a constant speed until the right-
edge discrete site is reached, after which an abrupt decay
into the continuum is observed. Such a simple physical
picture explains the resilience against quantum decay de-
spite the absence of bound states and why the resilience
time τ increases linearly with the number N of discrete
sites.
(iv) Non-Hermitian damped Bloch oscillations. An in-
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FIG. 3. (Color online) Non-Hermitian damped Bloch oscilla-
tions in multilevel quantum decay in a topological continuum.
N = 6 discrete levels are side coupled to the topological tight-
binding continuum with equally-spaced resonance frequencies
C = 10∆, where ∆ = κ2α/2vα is the decay rate. At initial
time t = 0 the system is prepared with the excitation in site
α = 1, i.e. cα(0) = δα,1. Panel (a) shows the temporal dy-
namics of the amplitudes |cα(t)| for α = 2 (solid curve) and
α = 3 (dashed curve), clearly showing a damped oscillatory
dynamics with Bloch oscillation period TB = 2pi/C. Time is
normalized to the inverse of decay rate 1/∆. The behavior of
the survival probability is shown in panel (b).
teresting dynamical behavior is observed when a gra-
dient field C is applied to the N discrete levels, i.e.
the resonances are equally-spaced in frequency ωα =
ω1 + C(α − 1), and they are coupled to the topological
continuum with the same coupling strength and group
velocity, i.e. κα and vα are independent of α. In this
case the eigenvalues of the non-Hermitian matrix H de-
scribing the decay dynamics read
λα = ω1 + C(α− 1)− i∆ (16)
(α = 1, 2, ..., N) where ∆ ≡ κ2α/(2vα) is the common de-
cay rate. Since the real part of the eigenvalues are equally
spaced by C, the temporal dynamics is periodic with pe-
riod TB = 2pi/C, enveloped by an exponential decay with
decay rate ∆. Such a dynamical behavior corresponds
to damped Bloch oscillations, which are peculiar to non-
Hermitian lattices with unidirectional hopping [32]. Note
that, contrary to usual Bloch oscillations in Hermitian
lattices, here edge effects do not smear out the periodicity
of the oscillations, which are observed even when deal-
ing with few discrete levels [32]. An example of damped
Bloch oscillations of N = 6 discrete levels decaying into
a topological continuum is shown in Fig.3. The damped
oscillatory behavior with period TB is clearly observed
when detecting the decay behavior of the amplitudes in
the discrete levels α ≥ 2 [Fig.3(a)]. Interestingly, the
signature of the damped Bloch oscillations is also visi-
ble in the decay behavior of the survival probability P (t)
[Fig.3(b)], which is slowed down after each Bloch oscilla-
tion period.
6IV. EXAMPLES OF MULTILEVEL DECAY IN
TOPOLOGICAL BATHS
Chiral edge states in two-dimensional topological in-
sulators provide a major platform to realize an effective
one-dimensional topological continuum showing unidirec-
tional propagating modes. Provided that the energies of
the discrete levels are entirely embedded in a topological
gap of the crystal, decay arises because of the coupling of
the discrete levels with the chiral edge states, which thus
realize an effective one-dimensional continuum with a dis-
persion curve as the one shown in Fig.1(d). Chiral edge
states emerge in a wide variety of topological quantum
and classical systems, such as in quantum Hall systems,
in the Haldane model, in Floquet topological insulators
and in anomalous Floquet topological insulators to men-
tion a few (see for example [27, 28, 33] and references
therein). Here we discuss multilevel decay in two exam-
ples of topological baths, namely in a tight-binding quan-
tum Hall system (the Harper-Hofstadter model), and in
anomalous Floquet topological insulators, and compare
exact numerical results with the non-Hermitian effective
description presented in the previous section.
A. Quantum decay in the Harper-Hofstadter
topological bath
The celebrated Harper-Hofstadter model [34] describes
charged particles moving in a two-dimensional tight-
binding square lattice under a uniform magnetic flux per
unit cell [Fig.4(a)]. This model realizes a quantum Hall
topological insulator where the magnetic flux breaks time
reversal symmetry and topological features are character-
ized by the first Chern numbers. The Harper-Hofstadter
model has been realized in different kinds of synthetic
matter with artificial gauge fields, including ultracold
atoms in optical lattices [35], microwaves circuits [36],
and photons in coupled microring resonators [37]. In
the infinitely-extended lattice, the single-particle energy
spectrum depends sensitively on the magnetic flux per
unit cell and the tight-binding band of the square lat-
tice splits into narrow magnetic bands. At high mag-
netic fields, a self-similar (fractal) energy spectrum does
emerge, which is known as the Hofstadter butterfly. The
Hamiltonian of the Harper-Hofstadter model reads
HˆH = κ
∑
n,m
{
aˆ†n+1,maˆn,m + exp(iϕn)aˆ
†
n,m+1aˆn,m +H.c.
}
(17)
where κ is hopping rate between adjacent sites in the
square lattice and ϕ is the magnetic flux in each plaque-
tte. Here we consider the case of a magnetic flux ϕ = pi/2,
corresponding to band splitting into four magnetic bands
with two wide topological gaps, shown in Fig.4(c). When
the infinite two-dimensional lattice is truncated at one
edge in the n direction, as in Fig.4(b), chiral edge states
in each one of the two wide topological gaps arise with a
dispersion curve ω(k) which can be computed from the
eigenvalue Harper equation
κ(An+1 +An−1) + 2κ cos(k + nϕ)An = ω(k)An (18)
with the boundary conditions A0 = 0 and An → 0 as
n → +∞. The chirality of the edge states is opposite
in the two gaps, as shown in Fig.4(c). When a number
N of discrete levels |1〉, |2〉, ... are side-coupled to the
edge of the lattice [N = 2 in Fig.4(b)] and their frequen-
cies are embedded in either one of the two wide topologi-
cal gaps, the semi-infinite two-dimensional square lattice,
sustaining unidirectional edge states in either one of the
two gaps, acts as an effective one-dimensional topological
bath with a dispersion curve ω(k) like in Fig.1(d), into
which the discrete levels can decay. A positive group ve-
locity (dω/dk) > 0 is obtained when the frequencies of
the discrete levels are embedded in the lower topologi-
cal gap. As an example, Fig.4(d) shows the numerically-
computed decay dynamics of two discrete levels, attached
at the edge at sites (n,m) = (1, 0) and (n,m) = (1, 3),
into the chiral edge states in the lower topological gap.
Parameter vaues used in the simulations are κ = 1 (hop-
ping rate in the square lattice), κ1 = κ2 = 0.2 (cou-
pling constants of discrete levels with the lattice), and
ω1 = ω2 = −1.5 (resonance frequencies of the discrete
levels). Solid and dashed curves in the figure depict the
exact numerical results (solid curves) and the approxi-
mate ones (dashed curves) obtained by the effective non-
Hermitian model [Eqs.(5,6,14) in previous sections], re-
spectively. Note that, owing to the unidirectional nature
of the coupling between the discrete levels, the decay of
level |1〉 is almost exponential and it is not influenced by
the presence of the discrete level |2〉.
B. Quantum decay in an anomalous Floquet
topological bath
A bath showing unidirectional transport can be real-
ized in Floquet topological insulators, where time rever-
sal symmetry is broken by periodic temporal modulation
of the underlying Hamiltonian of a crystal [33]. An in-
teresting case is the one of anomalous topological insu-
lators [38], whose topological classification goes beyond
that of static systems. Anomalous Floquet topological
insulators have been recently demonstrated in synthetic
matter based on photonic [39] and sound [40] transport in
two-dimensional lattices. Interestingly, to achieve unidi-
rectional (rectified) transport based on Floquet driving it
is enough to consider a quasi-one dimensional lattice [41],
namely a binary lattice with controlled coupling between
nearest-neighbor sites, as demonstrated in an earlier ex-
periment Ref.[42]. A scheme of multilevel decay in the
anomalous Floquet topological bath, consisting of two
slowly-driven sublattices A and B into which the side-
coupled discrete levels can decay, is shown in Fig.5(a).
The modulation cycle, of period T = 2T1+T2, comprises
threes steps. In the first step (time interval 0 < t < T1),
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FIG. 4. (Color online) Quantum mechanical decay in a
quantum Hall topological bath. (a) Infinitely-extended tight-
binding square lattice in the presence of a magnetic flux ϕ per
lattice unit cell that breaks time reversal symmetry. κ is the
nearest-neighbor hopping amplitude. (b) Semi-infinite square
lattice with an edge at n = 1. (c) Energy spectrum of the
semi-infinite square lattice for a magnetic flux ϕ = pi/2 and
for κ = 1. Note that there are four magnetic bands with two
wide topological gaps. Chiral edge states, with opposite group
velocities, are found with energies in the upper and lower wide
gaps. If the frequencies ωα of the discrete levels, side-coupled
to the edge of the square lattice, are entirely embedded in
the lower wide magnetic gap, the chiral edge states with
positive group velocities act as an effective one-dimensional
topological bath sustaining unidirectional propagating modes.
(d) Decay dynamics (behavior of the occupation probabilities
|c1(t)|2 and |c2(t)|2 versus time t) for N = 2 discrete levels
with frequencies ω1 = ω2 = −1.5 side-coupled, with equal
coupling constants κ1 = κ2 = 0.2, to the sites (n,m) = (1, 0)
and (n,m) = (1, 3) of the square lattice. At initial time the
system is prepared in the discrete state |1〉. Solid and dashed
curves refer to the exact numerical results and to the approx-
imate non-Hermitian description, respectively. The values of
kβ and of the group velocity vβ used in the non-Hermitian
matrix H are obtained from the dispersion curve ω(k) of the
chiral edge states and the condition ω(kβ) = ω1,2, and read
kβ ' 2.536 and vβ = (dω/dk)ω1,2 ' 1.6. Note that, owing
to unidirectional Fano interference, the decay of level |1〉 is
almost exponential and it is not influenced by the presence of
the discrete level |2〉.
alternating dimers of sublattices A and B are coupled
by a coupling constant κ such that κT1 = pi/2 [solid
bonds in Fig.5(a)], while in the second step (time inter-
val T1 < t < 2T1) the other dimers are coupled with the
same coupling constant. In such two steps the discrete
levels are decoupled from the sublattices. Note that, ow-
ing to the condition κT1 = pi/2, after the two steps any
initial excitation in sublattice A is shifted forward by
one site in A with a pi phase shift, whereas any initial
excitation in sublattice B is shifted backward by one site
in B with pi phase shift [41, 42]. In momentum space,
the one-site forward/backward spatial shift is simply de-
scribed by the operator exp(±ik + ipi). In the third step
of the modulation cycle (time 2T1 < t < T ), the sites
in sublattices A and B are decoupled, while the discrete
levels |1〉, |2〉,... are side-coupled to the sites n1, n2, ... of
sublattice A by the coupling constants ρ1, ρ2, ... Clearly,
assuming that at initial time t = 0 the bath is in the
vacuum state, after each modulation cycle, i.e. at times
t = T, 2T, 3T, ... the sublattice B remains in the vacuum
state, while excitation can spread in sublattice A, which
acts as an effective topological bath sustaining unidirec-
tional propagating Bloch modes. The propagator Uˆ of
the system over one oscillation cycle can be factorized as
Uˆ = Uˆ2Uˆ1 (19)
where Uˆ1 describes the system evolution in the first and
second steps of Fig.5(a), i.e. from t = 0 to t = 2T1,
whereas Uˆ2 describes the system evolution in the third
step, i.e. from t = 2T1 to t = T . Since in the first two
steps the binary lattice and discrete levels are decoupled,
one has
Uˆ1 = exp(−iHˆbathT − iHˆbsτ) ≡ exp(−iHˆ1T ) (20)
where we have set τ ≡ 2T1,
Hˆbs ≡
N∑
α=1
ωαcˆ
†
αcˆα (21)
is the Hamiltonian of the discrete levels and
Hˆbath ≡
∫ pi
−pi
dkω(k)cˆ†(k)cˆ(k) (22)
is the effective Hamiltonian of the bath. In the above
equations, ωα is the resonance frequency of the discrete
level |α〉 and cˆ†α the corresponding creation operator of
the excitation in the level, cˆ†(k) is the creation operator
of Bloch mode with wave number k in the sublattice A,
and ω(k) is the dispersion relation (quasi energy) of the
effective topological bath given by [Fig.5(b)]
ω(k) = (pi + k)/T (mod 2pi/T). (23)
The propagator Uˆ2, describing the evolution of the sys-
tem in the third stage, from t = 2T1 to t = T , reads
Uˆ2 = exp(−iHˆbsT2 − iHˆ0T2) ≡ exp(−iHˆ2T ) (24)
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FIG. 5. (Color online) Multilevel decay in an anomalous Flo-
quet topological insulators. (a) Scheme of the slowly-driven
system. The topological bath, comprising two sublattices A
and B, is side-coupled to a number N of discrete levels |1〉,
|2〉, ... (N = 2 in the figure) via sublattice A. The modula-
tion cycle of period T = 2T1 + T2 comprises three steps. In
the first two steps, each of duration T1, the discrete levels are
uncoupled to the bath and alternating dimers of the sublat-
tices are coupled with a hopping amplitude κ satisfying the
condition κT1 = pi/2. In the third step (time duration T2),
the sites in sublattices A and B are decoupled, while the dis-
crete levels |1〉, |2〉, ... are coupled to the sites n1, n2, ... of
sublattice A with coupling constants ρ1, ρ2, ... (b) Dispersion
relation (quasi energy) of the effective topological bath. Note
that the group velocity v = (dω/dk) = 1/T is independent
of frequency. (c) Example of two-level decay in the anoma-
lous Floquet topological continuum. Parameter values are
ω1 = ω2 = 0, T1 = T2 = T/3, κ = 3pi/(2T ), ρ1 = ρ2 = 0.15κ,
n1 = 0 and n2 = 2. At initial time the system is prepared
with the excitation in level |1〉. The evolution of the occu-
pation probabilities of the two discrete levels at stroboscopic
times t = 0, T, 2T, ... as obtained by numerical computation of
the exact Floquet dynamics, is shown by bold circles, whereas
the approximate continuous-time dynamics governed by the
corresponding non-Hermitian Hamiltonian Eq.(14) is depicted
by thin solid curves. Note that, owing to unidirectional Fano
interference, the decay of level |1〉 is almost exponential and
it is not influenced by the presence of the discrete level |2〉.
where Hˆ0 is the interaction Hamiltonian of discrete levels
with the sites of sublattice A, i.e.
Hˆ0 =
N∑
α=1
ρα
{
cˆ†αAˆnα +H.c.
}
=
N∑
α=1
∫
dk
{
Gα(k)cˆ
†
αcˆ(k) +H.c.
}
(25)
with
Gα(k) = (ρα/
√
2pi) exp(iknα). (26)
The propagator in one oscillation cycle, from t = 0 to
t = T , is given by
Uˆ = exp(−iHˆ2T ) exp(−iHˆ1T ) = exp(−iHˆT ) (27)
where Hˆ is the effective Hamiltonian of the periodic
(Floquet) dynamics. This means that, at times t =
0, T, 2T, 3T, ..., the time-periodic Floquet dynamics can
be stroboscopically mapped into the continuous dynam-
ics of the effective time-independent Hamiltonian Hˆ. Us-
ing the Baker-Campbell-Hausdorff formula and taking
into account that, for a weak discrete-bulk coupling, the
commutator [Hˆ1, Hˆ2] is negligible, the effective Hamilto-
nian takes the form given by Eq.(1) where ω(k) is de-
fined by Eq.(23) [Fig.5(b)] and gα(k) by Eq.(13) with
κα = (T2/T )ρα (see Appendix C for technical details).
An example of two-level decay into the anomalous Flo-
quet topological insulator is shown in Fig.5(c). Note that,
like for the previous example of the quantum Hall topo-
logical bath [Fig.4(d)], the decay of the initially-excited
level |1〉 is described by an almost exponential law, i.e.
the decay is insensitive to the presence of the other dis-
crete level |2〉 owing to the unidirectional nature of Fano
interference.
V. MULTI-PARTICLE QUANTUM DECAY
In previous sections we considered the decay dynam-
ics of a single particle, so that the bosonic or fermionic
nature of the particle does not affect the decay dynam-
ics. However, in many particle systems the decay dy-
namics is influenced by the particle statistics, even for
non-interacting particles [21, 22]. For example, fermions
generally show a faster decay than bosons, as demon-
strated in a recent experiment [22] where polarization-
entangled photon states were used to emulate different
particle statistics. In previous studies, the continuum
was assumed to satisfy time reversal symmetry. A main
question then arises: is the multi-particle decay dynam-
ics affected by particle statistics when the decay occurs
in a topological bath with broken time reversal symme-
try? Let us assume that N indistinguishable particles are
initially placed in the N discrete levels |1〉, |2〉, ... |N〉,
and let us indicate by P (t) the non-decaying probability,
9i.e. the probability that at time t none of the N par-
ticles have decayed into the topological continuum. As
shown in [22], the non-decaying probability P (t) depends
on the particle statistics and in the markovian approxi-
mation reads
P (ferm)(t) = |det(U(t))|2 (28)
for fermions, and
P (bos)(t) = |perm(U(t))|2 (29)
for bosons, where U(t) = exp(−iHt) is the propagator of
the effective non-Hermitian Hamiltonian (6) and where
det(U), perm(U) indicate the determinant and perma-
nent of the matrix U , respectively. If the decay occurs in
a topological continuum sustaining unidirectional prop-
agating modes, according to Eq.(14) the effective non-
Hermitian Hamiltonian H is a lower triangular matrix,
and thus also U(t) is a lower triangular matrix. In such
a limiting case, the permanent and determinant of U do
coincide, i.e. one has
P (ferm)(t) = P (bos)(t) = exp(−∆t). (30)
where we have set
∆ ≡
N∑
α=1
κ2α
vα
. (31)
Equation (30) indicates that, contrary to multiparticle
quantum decay in a non-topological continuum, the non-
decaying probability P (t) is insensitive to particle statis-
tics and always shows an exponential decay with a decay
rate given by Eq.(31).
VI. CONCLUSION
Fano interference among overlapping resonances is
ubiquitous in the quantum mechanical decay process of
two or more discrete states coupled to a common con-
tinuum. Fano interference is at the heart of important
phenomena such as the existence of bound states in the
continuum and fractional decay owing to destructive in-
terference among different decay channels. In the many-
body quantum decay process of non-interacting parti-
cles, Fano interference behaves different for bosonic and
fermionic particles. Such previous results assume time
reversal symmetry of the bath Hamiltonian, which is in-
deed the most common situation. In this work we consid-
ered the process of multilevel quantum mechanical decay
in a topological bath with broken time reversal symme-
try sustaining unidirectional (chiral) propagating states,
such as in quantum Hall or in Floquet topological insu-
lators. Such topological systems are nowadays available
in different physical settings, such as in cold atoms or
in photonic systems where synthetic gauge fields or Flo-
quet dynamics can break time reversal symmetry [28, 33].
The main result of the present work is that the chiral
nature of scattering states fully suppresses Fano inter-
ference among overlapping resonances, with a great im-
pact into the multilevel quantum decay dynamics: bound
states in the continuum are suppressed, quantum decay is
complete, and there are not signatures of particle statis-
tics in the decay process. Nonetheless, some interest-
ing features have been found, such as the appearance of
high-order exceptional points, long quiescent dynamics
followed by a sudden fast decay, and the possibility to
observe damped non-Hermitian Bloch oscillations. Our
results disclose important novel physical behaviors in the
quantum mechanical decay process when the underly-
ing bath is a topological continuum and are expected to
stimulate further theoretical and experimental research,
bringing in close connection two apparently different ar-
eas of research: topological phases of matter and reso-
nance physics.
Appendix A: Calculation of the effective
non-Hermitian Hamiltonian in a continuum with
unidirectional transport
In this Appendix we derive the expression (14) of
the non-Hermitian matrix elements Hα,β given in the
main text. For the sake of definiteness, we assume that
(dω/dk) is always positive in the entire Brillouin zone
−pi ≤ k < pi, corresponding to the topological bath sus-
taining forward-propagating modes solely [see Fig.1(d)],
however a similar analysis holds for a topological con-
tinuum with (dω/dk) < 0. Substitution of Eq.(13) into
Eq.(7) yields
∆α,β =
κακβ
2pi
∫ pi
−pi
{dk exp[ik(nα − nβ)] ×
×
∫ ∞
0
dτ exp[iωβτ − iω(k)τ ]
}
(A1)
Taking into account the identity∫ ∞
0
dτ exp(−iΩτ) = piδ(Ω)− iP
(
1
Ω
)
(A2)
where P denotes the Cauchy principal value of the inte-
gral, from Eqs.(A1) and (A2) one obtains
∆α,β =
κακβ
2
∫ pi
−pi
dk exp[ik(nα − nβ)]δ (ω(k)− ωβ) +
− iκακβ
2pi
P
∫ pi
−pi
dk
exp[ik(nα − nβ)]
ω(k)− ωβ . (A3)
Since the frequency ωβ of the discrete state |β〉 is em-
bedded into the continuous spectrum of Hˆbath and ω(k)
is an increasing function of k, there exists one and only
one Bloch wave number kβ such that ω(kβ) = ωβ [see
Fig.1(d)]. Hence the first integral on the right hand side
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of Eq.(A3) reads∫ pi
−pi
dk exp[ik(nα−nβ)]δ (ω(k)− ωβ) = exp[ikβ(nα − nβ)]
vβ
(A4)
where we have set vβ ≡ (dω/dk)kβ . Moreover, since we
consider a broad and structureless continuum, in the sec-
ond integral on the right hand side of Eq.(A3) we can
assume ω(k) ' ωβ + vβ(k − kβ) for the dispersion re-
lation; such as assumption is consistent with the weak-
coupling and markovian approximations used to derive
the effective non-Hermitian equations (5-7) given in the
main text. Under such an assumption, the principal value
integral on the right hand side of Eq.(A3) reads
P
∫ pi
−pi
dk
exp[ik(nα − nβ)]
ω(k)− ωβ ' P
∫ pi
−pi
dk
exp[ik(nα − nβ)]
vβ(k − kβ) .
(A5)
For a broad continuum, corresponding to a large group
velocity vβ , the integral on the right hand side in Eq.(A5)
can approximately computed in complex plane using the
residue theorem by extending the integral from −∞ to
∞. Taking into account that
P
∫ ∞
−∞
dx
exp(iθx)
x− ξ =
 0 θ = 0ipi exp(iθξ) θ > 0−ipi exp(iθξ) θ < 0 (A6)
one finally obtains
∆α,β =

κ2β
2vβ
nα = nβ
κακβ
vβ
exp[ikβ(nα − nβ)] nα > nβ
0 nα < nβ .
(A7)
Substitution of Eq.(A7) into Eq.(6) yields Eq.(14) given
in the main text.
Appendix B: Effective non-Hermitian Hamiltonian
in a tight-binding continuum with time reversal
symmetry
We consider the system shown in Fig.1(b), where N
discrete levels are side-coupled to a tight-binding con-
tinuum (a quantum wire) with time reversal symmetry
and a dispersion relation ω = ω(k) given by Eq.(9). The
elements of the effective non-Hermitian Hamiltonian H,
defined by Eqs.(6) and (7), can be calculated in a closed
form and read explicitly (see [30] for more details)
Hα,β = ωαδα,β−iκακβi|nα−nβ |
(√
4κ2 − ω2β + iωβ
)|nα−nβ |
(2κ)|nα−nβ |
√
4κ2 − ω2β
.
(B1)
In particular, for ωα = 0, i.e. when all discrete states
have the same resonance frequency tuned at the center
of the tight-binding lattice band, one simply obtains
Hα,β = −i1+|nα−nβ |κακβ
2κ
. (B2)
In case of two discrete levels (N = 2) and for ω1 = ω2 =
0, one bound state in the continuum, corresponding to a
vanishing eigenvalue of H, is found provided that |nα −
nβ | is an even number. Such a bound state shows some
topological protection, i.e. it is robust against change of
couplings κ1,2 and disorder in the hopping rate of the
quantum wire.
Appendix C: Derivation of the effective Hamiltonian
in the anomalous Floquet topological bath
From Eq.(27) given in the main text and using the
Baker-Campbell-Hausdorff formula, the effective Hamil-
tonian Hˆ reads
Hˆ = Hˆ1 + Hˆ2 +
iT
2
[
Hˆ1, Hˆ2
]
+ (C1)
+
T 2
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([
Hˆ2, [Hˆ1, Hˆ2]
]
−
[
Hˆ1, [Hˆ1, Hˆ2]
])
+ ...
where
Hˆ1 = Hˆbath +
2T1
T
Hˆbs , Hˆ2 =
T2
T
(Hˆbs + Hˆ0) (C2)
and where the dots denote terms involving higher-order
commutators. For a weak discrete-continuum coupling,
we show below that the commutator
[
Hˆ1, Hˆ2
]
is negligi-
ble, so that one has
Hˆ ' Hˆ1 + Hˆ2 = Hˆbath + Hˆbs + Hˆint (C3)
where Hˆbs and Hˆbath are given by Eqs.(21) and (22),
respectively,
Hˆint =
T2
T
Hˆ0 =
N∑
α=1
∫
dk
{
gα(k)cˆ
†
αcˆ(k) +H.c.
}
(C4)
and gα(k) = (T2/T )Gα(k).
Let us calculate the commutator
[
Hˆ1, Hˆ2
]
. We assume
a small discrete-continuum coupling and an interaction
time T2, over one oscillation cycle, much smaller than
the oscillation period T . Under such an assumption and
since Hˆbath and Hˆbs commute, one readily obtains[
Hˆ1, Hˆ2
]
' T2
T
[
Hˆbath + Hˆbs, Hˆ0
]
. (C5)
For the sake of definiteness, let us assume bosonic com-
mutation relations for the particle creation/annihilation
operators, i.e. [cˆα, cˆ
†
β ] = δα,β , [cˆα, cˆβ ] = [cˆ
†
α, cˆ
†
β ] = 0,
[cˆ(k), cˆ†(k′] = δ(k − k′), and [cˆ(k), cˆ(k′] = [cˆ†(k), cˆ†(k′] =
0. Using Eqs.(21), (22) and (25), the commutator on the
right hand side of Eq.(C5) can be calculated after some
straightforward algebra, yielding
iT
2
[
Hˆ1, Hˆ2
]
' T
2
N∑
α=1
∫
dk
{
i[ωα − ω(k)]gn(k)cˆ†αcˆ(k)
+ H.c.} (C6)
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In the weak coupling approximation, energy conserva-
tion implies that the propagating states in the contin-
uum excited in the decay process are those with Bloch
wave number satisfying the condition ω(k) ' ωα; hence,
if we set ω(k) ' ωα on the right hand side of Eq.(C6) un-
der the sign of the integral, it follows that the correction
introduced by the commutator (iT/2)
[
Hˆ1, Hˆ2
]
to Hˆint
can be neglected.
Finally, let us notice that, if the discrete levels are de-
generate in frequency, i.e. ωα is independent of α, af-
ter a gauge transformation one can assume ωα = 0 and
thus Hˆbs = 0. In this case, the condition T2  T can
be relaxed and the effective Hamiltonian Hˆ, stroboscop-
ically describing the Floquet dynamics, is again given by
Eq.(C3).
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